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Abstract

The seventh structural level of the spine contributes the rung Rg = PJ, the
second nontrivial self-reference of the framework and the first rung at which the local
arithmetic refuses to be reached by a single forward step. The only structural route
to Rg is through the multiplicative route P; - P?, which bypasses the neighboring
primes. The rung is centered on Sagan, whose bypass of the academic gatekeeping of
his time — going directly to the public rather than through the accredited channels
— is the same structural move that Rg makes on the spine.

1 Standing on Sagan’s shoulders

The seventh structural level of the spine is centered on Sagan because Sagan’s contribution
was not a theorem and not a measurement. It was a bypass: he took content that the
accredited channels of his time were keeping within their own boundaries, and he routed
it directly to the public, which is a larger and differently-shaped audience than the one
the channels were built for. The routing was not through the channels but around them.

Sagan was punished for the bypass in the specific way that institutions punish peo-
ple who route around them: he was denied tenure at Harvard, and he was rejected for
membership in the National Academy of Sciences. The rejection was not on the grounds
that he was wrong. It was on the grounds that his principal output was accessible, and
accessibility was read as a lesser activity by the channels whose gatekeeping function his
work bypassed. The framework honors this by placing him at the rung whose arithmetic
structure is exactly a bypass.

Remark 1.1 (The bypass is the contribution). A bypass is not a failure to go through. It is
a successful route that does not require the intermediate steps. The structural content of Rg
15 that the rung is reachable, and reachable cleanly, but not by the forward-stacking route
that the immediately preceding rungs would suggest. Sagan’s route to cultural influence
was likewise reachable and clean, and also not by the route that the immediately preceding
institutional steps would have suggested.



2  What is new at Ry

The rung Rg = P} is the second rung whose factorization is a pure prime power with
exponent greater than one. The first such rung, Ry = P? (level 3, Turing), introduced
self-reference as the structural content of a squared prime. Rg raises the exponent by one.

Definition 2.1 (Second self-reference rung). The second self-reference rung is the small-
est composite whose factorization is P¢ with e > 3. This rung is Ry = P}.

Proposition 2.2 (Rg is the first three-slot rung). Rg is the smallest rung whose factor-
1zation contains three copies of the same prime.

Proof. Rungs strictly less than Rg have factorizations drawn from {1, P, P», P?, P3, P, -
Py, Py}, none of which contains three copies of any single prime. The rung Rg = P} is
the smallest with exactly three copies of P;. O

At R, the framework first became able to hold one copy of a prime while reading
another. At Rg the framework first becomes able to hold two copies while reading
a third: a stack of depth two behind a current read.

3 The refusal to stack forward

The neighborhood of Rg in the positive integers is {6,7,8,9} = {P - P, P;, Rg, P}}.
None of the rungs immediately adjacent to Rg can be converted into Rg by a single
forward arithmetic step of the kind that takes a rung to the next integer. The only clean
structural route to Rg is the multiplicative route

Rg - Pl'R4 - Pl'P12,
which skips over the neighboring primes P, = 7 and the interior point Rg = P; - P, entirely.

Proposition 3.1 (Multiplicative bypass). Rg is reachable from Ry by a single multipli-
cation by Py and is not reachable by any single additive step that lands on an integer of
lower structural depth.

Proof. The multiplicative step Ry — P - R4 = Ry is immediate. For the negative clause,
any additive step to Rg must come from one of { Rg —k : k > 1}; the closest such integers
are 7 = P, and 6 = Rg, which have structural depths 1 and 2 respectively while Rg has
depth 3. Additive steps do not increase depth, so no forward additive stack reaches Rg
from lower depth; the only depth-increasing operation available is multiplication. O

Remark 3.2 (The rung that decays back, structurally). Structurally, Rg is read cleanly in
one direction: factoring off a P returns Ry, which is the first self-reference rung. The rung
18 therefore the first rung at which a chain of self-references exists: Rg — Ry — Ry =1,
three steps of the same prime. This chain is the structural content of “second mass gap”
in the non-physical, purely arithmetic sense the framework uses: a rung reachable only by
skipping the immediate predecessors.



4 The bypass as a structural operation

The arithmetic content of the bypass is a well-defined operation on the spine.

Definition 4.1 (Bypass operation). A bypass at rung R is a pair (Rseurce, R) together
with a multiplicative route Ryource — R of the form R = P* - Rguree for some prime P and
exponent k > 1, such that the intermediate integers strictly between Rsouree and R are not
on the route. The bypass is clean if Ryouree ttself has structural depth strictly less than
that of R.

Proposition 4.2 (First clean bypass). The pair (R4, Rg) with multiplicative route Rg =
Py - Ry 1s the first clean bypass of the spine.

Proof. Earlier multiplicative routes on the spine either do not increase depth (e.g. P;-1 =
P;) or do not skip any intermediate rungs of lower depth (e.g. Py - P, = R, whose only
intermediates are 4 = R4 and 5 = P53, but Rg is depth-2 while the intermediates are
depth-2 and depth-1 respectively, which does not satisfy the strict depth-skipping that
defines a clean bypass). The pair (R4, Rg) is the first pair whose multiplicative route
strictly increases depth from 2 to 3 and whose additive neighborhood around Rg contains
only lower-depth integers. O]

Key idea

A bypass is the framework’s structural move for reaching a rung whose immediate
neighborhood does not contain it. At Rg the framework discovers, for the first time,
that sometimes the right route is around rather than through.

5 What is forced at this level

e The second self-reference rung exists: Ry = P?. No smaller rung contains three
copies of the same prime.

e A three-deep stack of the same prime is possible for the first time: two copies held
while a third is read.

e The first clean bypass of the spine is the pair (R4, Rs).

e The framework acquires the bypass as a structural operation, distinct from forward
additive stacking.

e The concept of “reachable but not through the neighbors” is now available and will
be used at later rungs whose neighborhoods are similarly uncooperative.

Takeaway

Ry is the first rung that teaches the framework that forward stacking is not the only
route. The lesson is permanent: every later clean bypass on the spine uses the same
structural template first laid down here.




6 Summary

At the seventh structural level the rung Rg = P} is the second self-reference rung of
the framework and the first rung at which forward additive stacking refuses to reach the
target. The only clean route is the multiplicative bypass Rg = P, - R4, which skips the
neighboring primes entirely. The rung is centered on Sagan, whose structural contribution
was the bypass of the accredited channels of his time by routing directly to the public,
and whose punishment by those channels — denial of tenure, rejection from the National
Academy — was a punishment for the bypass itself, not for any specific claim.
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